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It is shown that the number of triangles in a self-complementary graph with 
N vertices is at least N(N - 2)(N - 4)/48 if N = 0 (mod 4) and at least 
N(N - l)(N - 5)/48 if N = 1 (mod 4), and that this minimum number can 
be achieved. 
We prove the following: 
THEOREM. The number of triangles in a se@complementary graph with 
N vertices is at least 
&N(N - 2)(N - 4) if N = 0 (mod 4), 
&N(N - l)(N - 5), if N = 1 (mod 4), 
and this number is best possible. 
The familiar fact that, in any 2-coloring of the edges of the complete 
graph with six vertices, there are at least two monochromatic triangles is 
contained in a general result of Goodman [l]: 
THEOREM (Goodman). In any 2-coloring of the edges of the complete 
graph KN with N vertices, the number of monochromatic triangles is at least 
Qk(k - l)(k - 2), if N = 2k, 
+jk(k - 1)(4k + l), if N = 4k + 1, 
$k(k + 1)(4k - l), zj- N = 4k + 3, 
and this number is best possible. 
The proof of this uses the following: 
LEMMA (Goodman). In any 2-coloring of K,with L edges colored red, 
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let pj denote the number of vertices incident with exactly j red edges. Then 
the number of monochromatic triangles is equal to 
QN(N - l)(N - 2) - (N - 2) L + i &j(j - 1) pi. 
j-2 
Now suppose that G is a self-complementary (s.c.) graph with Nvertices. 
It is known that N = 4n or 4n + 1. Color the edges of G red and those 
of its complement green. Then we have a 2-coloring of the edges of KN 
and the number of red triangles is equal to the number of green triangles, 
each being the number of triangles in G. Thus the number of triangles in 
G is at least half the number given in Goodman’s theorem. This gives the 
bounds in our theorem. What remains to be shown is that, for each N, 
there is a S.C. graph with this minimum number of triangles. 
We would refer to Sachs [3] and Ringel [2] for details about S.C. graphs. 
We construct a S.C. graph G, with 4n vertices as follows. Let the vertices 
al p a2 ,..., a4n be points equally spaced round a circle, and labeled in 
clockwise order. Join each odd vertex to the other vertices, in clockwise 
order, by edges colored red, red, green, green,..., red, red, green. Join 
each even vertex to the others in a similar manner, but with the colors 
reversed. It is easily verified that the coloring of the edges is consistent and 
that the mapping ai 4 a,+l (indices mod 4n) reverses all the colors. Hence 
the 4n vertices together with the red edges form a S.C. graph G,; the odd 
vertices have valency 2n, and the even vertices have valency 2n - 1. 
We construct also a S.C. graph G, with 4n + 1 vertices as follows: 
add to G, a new vertex a4n+l and join it to the even vertices of G, . The 
graph G, obtained is certainly self-complementary, and is regular with 
valency 2n. 
We now use Goodman’s lemma to find the number of triangles in these 
graphs. Once again, imagine that the graph G, has red edges and its 
complement green edges. We have L = $4n(4n - I), pj = 0 for all j 
except pgn-l = 2n,p,, = 2n. So the number of monochromatic triangles is 
b 4n(4n - 1)(4n - 2) - a 4n(4n - 1)(4n - 2) 
+ $(2n - 1)(2n - 2)2n + 8 2n(2n - 1)2n 
= $n(2n - 1)(2n - 2). 
Thus the number of triangles in G, is just half this, which, on putting 
N = 4n, becomes 
&N(N - 2)(N - 4). 
Apply Goodman’s lemma also to the graph G, : L = $(4n + 1)4n, pj = 0 
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for all j except pzn = 4n + 1. So the number of monochromatic triangles 
is 
$(4n + 1)4n(4n - 1) - &(4n + 1) 4n(4n - 1) + $2n(2n - 1)(4n + 1) 
= $z(n - 1)(4n + 1). 
The number of triangles in G, is just half this, which, on putting 
N = 4n + 1, becomes 
&N(N - l)(N - 5). 
We have in fact shown that, if G is a regular S.C. graph with 4n + 1 
vertices or if G is any “almost-regular” S.C. graph with 4n vertices (i.e. 
half the vertices have valency 2n and half have valency 2n - l), then the 
minimum number of triangles is achieved; and that such regular and 
almost-regular S.C. graphs always exist. 
From Goodman’s lemma, we can easily show that, if the N vertices 
of a S.C. graph have valencies r, ,..., rN , the number of triangles is 
&N(N - l)(N - 2) - & 5 r,((N - 1) - ri). 
i=l 
It is clear from this that the minimum is achieved only when the graph 
is regular or almost-regular. 
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